We study static nonlinear waves in networks described by a nonlinear Schrödinger equation with point-like nonlinearities on metric graphs. Explicit solutions fulfilling vertex boundary conditions are obtained. Spontaneous symmetry breaking caused by bifurcations is found.
II. VERTEX BOUNDARY CONDITIONS
Consider a metric star graph consisting of three semi-infinite bonds, b 1 ∼ (−∞; 0), b 3 ∼ (0; +∞), b 3 ∼ (0; +∞) (see, Fig. 1 ).
On each bond of this graph the NLSE with variable nonlinearity coefficient, g j (x) can be written as
where j = 1, 2, 3 denotes the bond number.
To solve Eq. (1), one needs to impose vertex boundary conditions (VBC), which can be derived, e.g., from norm and energy conservations laws. The norm and energy are given respectively by
and H = 1 2 3 j=1 bj ∂ψ j ∂x 2 + g j (x)|ψ j | 4 dx.
FromṄ = 0 andḢ = 0 and using ψ 1 , ∂ψ1 ∂x → 0 as x → −∞ and ψ 2,3 , ∂ψ2,3 ∂x → 0 as x → +∞, we obtain the following vertex boundary conditions (at x = 0) 
Thus both, energy and current conservation give rise to nonlinear vertex boundary conditions. However, the VBC given by Eqs. (4) and (5) can be fulfilled if the following two types of the linear relations at the vertices are imposed: Type I:
and
where α 1 , α 2 , α 3 are real constants which will be determined below. In the following we will focus on VBC of type I, as it looks more physical. In the next section we obtain exact analytical solutions of Eq. (1) for the VBCs given by Eq. (6) and derive a constraint which provides integrability of the problem.
III. EXACT SOLUTIONS AND BIFURCATIONS
Consider a localised nonlinearity given by
FIG. 1: Metric star graph
For this specific form of g j (x), space and time variables in Eq. (1) can be separated and for a → 0 it can be reduced to the following form:
The solution of Eq. (8) without the vertex boundary conditions can be written as [26] 
Fulfilling the VBCs (6) by solutions (9) leads to
Choosing parameters A and B to fulfil the relations will yield
From the first equation of (10) we get
These equations lead to the constraint given by
Furthermore, from the continuity of the solution φ j (x) we have
For the jump ∆(φ
we can find
Ae 2 √ 2µc + 1 3 .
Equating (12) and (13) we have 
Under the constraints given by Eq. (11) the solutions fulfilling the boundary conditions can be written as
For a single nonlinear bond we have the solution
From the continuity of φ 1 (x) at x = −c we have
One can find A from the expression for the norm given by Eq. (2) :
The above analytical solution is obtained under the assumption that the constraint (11) is satisfied. In the following, we solve Eq. (8) nonlinearity in Eq. (8) is represented by the Gaussian function with c = 3 and a = 0.1. In the following, we only limit ourselves with positive solutions.
In Fig. 2 , we plot two possible solutions for the case when the sum rule given by Eq. (11) is fulfilled. The first panel shows a solution when all the bonds are excited by the delta nonlinearity, while in the second one (b), only the first and the second bonds have point-like excitations. Using the configuration in the limit µ → ∞ as our code, we represent solutions in panels (a) and (b) as [1, 1, 1] and [1, 1, 0], respectively.
In Fig. 3(a) , we present bifurcation diagrams of the solutions in Fig. 2 . We obtain that the two configurations in . We therefore observe a spontaneous symmetry breaking bifurcation. It is particularly interesting to note that the bifurcation is quite degenerate in the sense that we obtain both a subcritical as well as a supercritical bifurcation emerging from the same point. We also obtain several other solutions bifurcating from the same bifurcation point, which are all indicated in Fig. 3(a) .
We have considered a different case when all the nonlinearity coefficients are the same, i.e., without loss of nonlinearity β j = 1. In this case, the condition (11) is not satisfied. We plot the bifurcation diagram of the positive solutions in Fig. 3(b) , where now we obtain that all the asymmetric solutions merge into two branches only, which bifurcate from the same point.
IV. CONCLUSIONS
In this paper we obtained and analyzed exact solutions of NLSE on metric graphs with varying nonlinearity that has the form of a delta-well. Exact analytical solutions of the problem were obtained for different cases of point excitations, determined by the presence of a delta-well on different bonds. The constraint providing existence of such analytical solutions are derived in the form of simple sum, rule written in terms of the bond nonlinearity coefficients. Numerical solutions of the problem are also obtained both for integrable and non-integrable cases. Bifurcations of the solutions are studied in terms of chemical potential, using the numerical solutions µ using the numerical solutions. The model considered in this paper is relevant for different practically important problems such as BEC in branched traps, Bragg gratings in branched fibers, etc. Extension of the treatment to other graphs topologies is rather straightforward, provided the graphs contains arbitrary subgraph, which is connected to three or more outgoing semi-infinite bonds. 
